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Abstract 

The equitable presentation of U q (sl 2 ) was introduced in 2006 by Ito, Terwilliger, 
and Weng. This presentation involves some generators It is known that 

{x r y s z t : r, t £ N, s £ Z} is a basis for the K.-vector space t/ g ( s h)- In 2013, Bockting- 
Conrad and Terwilliger introduced a subalgebra A of U q (sl 2 ) spanned by the elements 
{x r y s z t : r,s,t £ N, r + s + t even}. We give a presentation of A by generators 
and relations. We also classify up to isomorphism the finite-dimensional irreducible 
A-modules, under the assumption that q is not a root of unity. 
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1 Introduction 

Throughout this paper, let K denote a field and let q denote a nonzero scalar in K such 
that q 2 7^ 1. We recall the quantum algebra [/ q (sf 2 ). We will use the equitable presentation 

for U q (s 1 2 ), which was introduced in [9], By P, Theorem 2.1], the equitable presentation of 
f/qGL) has generators x,y ±l ,z and relations yy = 1 ,y^y = 1, 

qxy — q~ x yx 1 qyz — q~ x zy 1 qzx — q~ x xz 1 

— 1 —1 ^ ^ ' 
q — q q — q 

The equitable presentation for has connections with Leonard pairs [T], Leonard triples 

0 . 0. tridiagonal pairs [2], bidiagonal pairs [1], the g-tetrahedron algebra 0. i. the 
universal Askey-Wilson algebra [12], Poisson algebras HU, billiard arrays [13], and distance- 
regular graphs |14j . 

By [12], Lemma 10.7], the K-vector space f/q(sf 2 ) has a basis 

x r y s z t r, t G N, s £ Z. 

We consider the subalgebra of f7 g (sf 2 ) spanned by the elements 

x r y s z t r, s, t £ N, r + s + t even. 
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This subalgebra was first discussed in [3]. We call this subalgebra the positive even subalgebra 
of U q (s 1 2 ), and denote it by A. 

In this paper, we obtain two main results. In the first result, we give a presentation for 
A by generators and relations. In the second result, we classify up to isomorphism the 
finite-dimensional irreducible *4-modules, under the assumption that q is not a root of unity. 

We now describe our first result in detail. We consider the elements v x ,v y ,v z of U q (sl 2 ), 
defined by 


v x = q(l-yz), u y = q(l-zx), v z = q(l-xy). 

By B Proposition 5.4], the elements generate A. We also consider the elements 

x 2 ,y 2 ,z 2 of U q (sl 2 ). We show that x 2 ,y 2 ,z 2 generate A provided that q A 7 ^ 1. We obtain 
some relations between v x ,v y , v z and x 2 ,y 2 ,z 2 . We also obtain some relations fl3.30|MI3.42p 
satisfied by u x , u y , v z . We show that the unital associative K-algebra with generators Vx^Vy, v z 
and relations (l3.30IMI3.42j) is isomorphic to A. 

We now describe our second result in detail. Assume that q is not a root of unity. By m 
Theorem 2.6], there exists a family of finite-dimensional irreducible U q (sl 2 )-modules 

L(d,e ), £G {1,-1}, d E N. 

For char IK = 2 we interpret the set { 1 ,- 1 } as {1}. By [TUI Theorem 2.6], every finite¬ 
dimensional irreducible U q (s 1 2 )-module is isomorphic to exactly one of the modules L(d,e). 
Let del. By restricting from U q (sU) to A, each of L(d, 1 ) and L(d, —1) becomes an A- 
module. We show that the *4-modules L(d, 1) and L(d, —1) are isomorphic and we denote 
the resulting ^4-module by L(d). We show that the A-module L(d) is irreducible. We also 
show that each irreducible A-module with dimension d + 1 is isomorphic to L(d). Thus, we 
show that, up to isomorphism, L(d) is the unique irreducible ^-module of dimension d + 1. 

2 The quantum algebra U q (sl 2 ) 

In this section, we recall the quantum algebra U q (sl 2 ) and its equitable presentation. 

Definition 2.1. P Definition 2.2] Let U q (sl 2 ) denote the unital associative K-algebra with 
generators x, y ±x ,z and the following relations: 

yy~ x = y~ x y = i, 

qxy — q~ x yx 1 

— 1 ^ ? 

q-q 

qyz - q~ x zy _ 

— 1 ^ 5 

q-q 1 

qzx — q~ l xz 
q-q - 1 

We call x^y^iZ the equitable generators for C/ ? (sl 2 )- 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 

(2.4) 
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Lemma 2.2. The following relations hold in U q (sl 2 ): 


xy = q 2 yx — q 2 + 1, yx — q 2 xy — q 2 + 1, (2.5) 

yz = q~ 2 zy - q~ 2 + 1, zy = q 2 yz - q 2 + 1 , ( 2 . 6 ) 

zx = q~ 2 xz — q~ 2 + 1, xz = q 2 zx — q 2 + 1. (2.7) 


Proof. The equations (I2.5p - (l2.7p are reformulations of (j2.2p il2.4n . □ 


Recall the natural numbers N = {0,1,2,...} and the integers Z = {0, ±1, ±2,...}. 

Lemma 2.3. [T 2 l Lemma 10.7] The following is a basis for the K-vector space U q (s\. 2 )'- 

x r y s z t r,( 6 N, s G Z. (2.8) 

3 The elements u x . v y . y z 

In this section, we recall the elements v x ,v y ,v z of U q (sl 2 ) and we give relations involving 
v x ,v y ,v z and x 2 ,y 2 ,z 2 . 

The relations (I2.2p ~ fl2.4p can be reformulated as follows: 

9(1 - yz) = q^{l ~ zy), q(l - zx) = g _1 (l - xz), q(l - xy) = g _1 (l - yx). 
Definition 3.1. [12, Definition 3.1] Let u x , u y , v z denote the following elements of (/^(slo): 


Vx = 9(1 ~yz) = q : (1 - zy), (3.1) 

u y = 9(1 — zx) = 9 _1 (1 — xz), (3.2) 

v z = 9(1 -xy) = 9 _1 (1 -yx). (3.3) 

Lemma 3.2. | 12l Lemma 3.3] The following relations hold in U q (sU): 

xy = 1 - q~ l v z , yx = 1 - qn z , (3.4) 

yz = 1 - q~ l v x , zy = 1 - qu x , (3.5) 

zx = 1 — 9 _ 1 r'y, xz = 1 — qv y . (3.6) 

Proof. These equations are reformulations of (13.ljl (13.31) . □ 

Lemma 3.3. |12, Lemma 3.5] The following relations hold in U^sif): 


xv y = q 2 v y x, x 2 v z = 9 2 v z x, 

yv z = q 2 v z y, y 2 v x = q~ 2 v x y, 

zv x = q 2 v x z, z 2 v y = q~ 2 v y z. 

In the next few lemmas, we give some relations between v x , v y , v z and x 2 , y 2 , z 2 . 
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Lemma 3.4. The following relations hold in U q (sl 2 ): 


2 4 2 2 —4 2 

x Py = q VyX , x is z = q v z x , 

(3.7) 

2 4 2 2 —4 2 

y v z = q v z y , y V x = q u x y , 

(3.8) 

= g 4 ^ 2 , £ 2 Z4, = q~ 4 VyZ 2 . 

(3.9) 

Proof. Immediate from Lemma |3.31 

□ 

Lemma 3.5. The following relations hold in U q (sl 2 ): 


x 2 y 2 = 1 - g~ 2 (g + + g _4 z/ 2 , 

(3.10) 

y 2 z 2 = l-q- 2 (q + q- 1 )u x + q-Xl 

(3.11) 

zV = l-g- 2 (g + g- 1 K + g-\ 2 , 

(3.12) 

and 


y 2 x 2 = 1 - g 2 (g + g" 1 )^ + g 4 ^ 2 , 

(3.13) 

^V = l-g 2 (g + g- 1 )^ + gV 2 , 

(3.14) 

I ¥ = l-g 2 (g + g- 1 K + gV s 2 . 

(3.15) 

Proof. To verify (13.101). we comDute (xv) 2 in two wavs. Usine Lemma 13.21 


(xy) 2 = (1 - q-X z ) 2 = 1 - 2 q~X z + q~ 2 u 2 . 

(3.16) 

Using Lemma |2.2| and Lemma 13.21 


(xy) 2 = x{yx)y 


= x(q 2 xy — q 2 + 1 )y 


= q 2 x 2 y 2 + (1 — q 2 )xy 


= q 2 x 2 y 2 + (1 - g 2 )(l - g -1 ^). 

(3.17) 

Bv equating the right-hand sides of (|3.16|) and (13.171). we obtain (13.101). 

The remaining 

relations are similarly obtained. 

□ 

Lemma 3.6. The following relations hold in U q (sl 2 ): 


x 2 v x = q~ l x 2 - q~ l + q 2 u y + q~ 2 v z - qv y v z , 

(3.18) 

y 2 v y = q~ 1 y 2 - g _1 + q 2 v z + q~ 2 u x - qv z v x , 

(3.19) 

z 2 v z = q~ l z 2 - q~ l + q 2 v x + q~ 2 u y - qu x u y , 

(3.20) 

and 


v x x 2 = q- l x 2 - q~ l + q~ 2 v y + q 2 u z - qv y v z , 

(3.21) 

v y y 2 = g~y - g _1 + g~ 2 u* + g 2 Ur - q^ x , 

(3.22) 

u z z 2 = q~ l z 2 - q~ l + q~ 2 v x + q 2 v y - qv x v y . 

(3.23) 
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Proof. We verify fl3.18[) . Using u x = q 4 (1 — zy ), we find 


2 —2 2 —12 
x v x — q x — q x zy. 


By Lemma 12.21 and Lemma 13.21 

x 2 zy = x(q 2 zx — q 2 + 1 )y = q 2 {xz)(xy) + (1 — q 2 )xy 
= q 2 ( 1 - qu y )( 1 - g _1 J+) + (1 - g 2 )(l - g _1 z+) 
= 1 - q 3 u y - q~ 1 u z + q 2 v y v z . 


The equation (j3.18j) follows from these comments. The remaining relations 
obtained. 


Lemma 3.7. [HI Lemma 3.10] The following relations hold in U^sif): 


J2 _ 1 Wyi> z - q x u z u y 
x — i , 

q-q 

2 , qv z v x - q~ l v x v z 

V = i - ■ 


-l 


q-q 

„2 _ 1 QPxVy ~ g _1 ++x 
Z — J. 


q-q 


-l 


Lemma 3.8. Assume that g 4 ^ 1. Then the following relations hold in U q {slf) •' 


(g + g )v x = q +q 


2 . -2 - q 4 ^V 


g 2 — g~ 2 


(g + g )v y = g + g - 


2 _2 q A z 2 x 2 — q 4 x 2 z 2 


q 2 — g -2 


(g + g )r+ = g + g 


422 —4 2 2 

2 _2 Qx y — q y x 


g 2 — g -2 


Proof. For each equation, evaluate the right-hand side using Lemma 13.51 


We now display some relations satisfied by u x , u y , v z in C/ g (sl 2 ). 

Lemma 3.9. The following relations hold in U g (sl 2 ): 

q 3 v 2 v y - (q + q' 1 )^^ + q~ 3 w 2 = (q 2 - q~ 2 )(q - 

q 3 "y"z - (q + q~ l )v y v z Vy + q~ 3 v z v 2 y = (g 2 - g _2 )(g - g -1 )^, 

g 3 z/ 2 i/ x - (g + q~ 1 )v z i / xi / z + q~ 3 v x v 2 z = (g 2 - g _2 )(g - g _1 )*+, 

and 

q~ 3 rfv x - (g + q~ l )v y v x Vy + g 3 /++ 2 = (g 2 - g~ 2 )(g - g _ 1 )r+ 

-{q + q~ l )v z v y v z + g 3 iy + 2 = (g 2 - g~ 2 )(g - g _ 1 )z+, 

g _ 3 i/ 2 z2- - (g + q~ x )v x v z v x + g 3 ^ 2 = (g 2 - g _2 )(g - g _ 1 )z+- 


similarly 

□ 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

□ 

(3.30) 

(3.31) 

(3.32) 


(3.33) 

(3.34) 

(3.35) 
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Proof. Observe that (I3.30j> is equivalent to 

q 2 u x f qV'Uy - q-\v x \ _ g _ 2 / qu x v y -q-\v x \ ^ 2 _ 2) ^ (3 .g 6) 

V Q~Q J V Q~Q J 


To verify (13.361b simplify the left-hand side using Lemma 13.71 and Lemma 13.41 The remaining 
relations are similarly obtained. □ 

Lemma 3.10. The following relations hold in U q {s[ 2 ): 


qv y v z - q 1 v z v y _ 2 2 q 2 u y u z - q 2 u z u y 

u x — - - -- = v x ~q v y -qv z + - 


q-q 1 

(pppx - q~ x VxVz 


= v y -q 2 u z - q*u x + 


y 


q-q 


-i 


q-q 1 

q 2 u z u x - q~ 2 v x v z 


q-q 


-i 


qv x v y - q 1 VyV x _ 2 2 <?V x Vy ~ 9 *VyV X 

v* --- = v z -q - q Vy + - 


q-q 


-i 


q-q 


-i 


and 


qv y v z - q l u z u y 2 _ 9 q 2 u y u z - q 2 u z u y 

-v x = v x - q Vy - q u z + - 


q-q 


-i 


q-q 


-i 


qv z v x - q 1 ^Pz 2 -2 , q 2 V Z Px - q 2 V X V Z 

-Vy = Uy - q v z - q u x + - 


q-q 


-i 


q-q 


-i 


qV X Vy - q l VyVx 2 -2 . fox^y ~ 9 2 VyV x 

-Vz = v z - q u x - q Vy + - 


q-q 


-1 


q-q 


-1 


Proof. We verify (13. 3 7p . By Lemma 13.71 and Lemma 13.61 


Ur 


qUyU z - q 1 u z u y 


q-q 


-l 


= u x — U x X 

= Vx - q~ 2 v y - q 2 u z + g -1 (l - x 2 ) + qu y u z 

-2 2 . -1 qVyU z -q^UzUy 

= u x - q Uy- q u z + q —-- - -- + qu y u z 

q — q~ 

_2 2 , q 2 V y V z - q~ 2 U z Uy 

u x q Uy q u z T 


q-q 


-i 


The remaining relations are similarly obtained. 


(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 


□ 


4 A subalgebra of U q (sl 2 ) 

In the previous section, we considered the elements u x ,u y ,u z of U q (s I 2 ). As we will see, 
u x , uy , u z do not generate all of U q (s\f). We will be concerned with the subalgebra that they 
do generate. In this section, we define a K-subspace A of C/ g (s[ 2 ). We show that A is the 
subalgebra of U q (s 1 2 ) generated by u x , u y , u z . We also give two bases for the K-vector space 

A. 


6 





























Definition 4.1. [3] Definition 4.5] Let A denote the IK-subspace of C/ g (sl 2 ) spanned by the 
elements 

x r y s z t r,s,t& N, r + s + t even. (4.1) 

Lemma 4.2. [3J Lemma 4.6] A is a K-subalgebra o/I/ g (sl 2 ). 

There are two generating sets of interest to us for the K-algebra A. The first generating set 
was given in [3]. We include a proof for completeness. 

Lemma 4.3. [3] Proposition 5.4] The K-algebra A is generated by u x , u y , u z . 

Proof. Let W denote the subalgebra of U q (s 1 2 ) generated by u x ,u y ,u z . We show that W = A. 
Certainly W C A since each of u x , u y , u z is contained in A by Definition 14.11 and Definition 
13.11 We now show that W D A. By Definition 14.11 A is spanned by the elements (14.11) . Let 
x r y s z t denote an element of ( 14.ID . Then r + s + t — 2n is even. Write x r y s z t = g±g 2 ■ • • g n 
such that gt is among 

x 2 , xy, y 2 , yz, z 2 , xz (4.2) 

for 1 < i < n. By Lemma 13.21 and Lemma 13.71 each term in (14.2[) is contained in W. 
Therefore W contains for 1 < i < n, so W contains x r y s z t . Consequently, If 3 4, so 
W = A. □ 


In the case where q A ^ 1, we have a second generating set of interest. 

Corollary 4.4. The K -algebra A is generated by x 2 ,y 2 ,z 2 provided that q 4 ^ 1. 

Proof. By Lemma [3771 each of x 2 ,y 2 ,z 2 is contained in the subalgebra of C/ 9 (sI 2 ) generated 
by i' x ,v y ,v z . By Lemma [3781 each of u Xl v y ,i> z is contained in the subalgebra of U q (sh) 
generated by x 2 , y 2 , z 2 . Thus, u x , u y , v z and x 2 , y 2 , z 2 generate the same subalgebra of 
By Lemma [4.31 this implies that x 2 ,y 2 ,z 2 generate A. □ 

Lemma 4.5. The elements (14. lj) are a basis for the K -vector space A. 

Proof. Follows from Definition 14.11 and Lemma 12.31 □ 


It will be useful to have a basis for the K-vector space A expressed in terms of the elements 
u x , u y , u z and x 2 , y 2 , z 2 of A. 

Lemma 4.6. The following is a basis for the K -vector space A: 




2 r 

X UyZ 


2 1 


r,s,t e N, Si, 6 2 e { 0 , 1 }, 
r,t G N. 


(4.3) 


Proof. For n G N, let W n denote the IK-subspace of A spanned by the elements x r y s z t of 
(14. ip that satisfy r + s + t = n. By Lemma 14.51 the sum A = is direct. 

Let w be an element of (I4.3[) . First, assume w = x 2r vffy 2s vffy 2t and let N = 2(r + s +1 + 
S 1 + S 2 ). Using Definition 13.11 we find that w G J2n=o anc ^ 


JV-l 

w - q Sl +< 52 X 2r+8x y 2s+Sl +S2 Z 2t+S2 e W n . 

n=0 
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Next, assume w = x 2r v y z 2t and let N = 2(r + t + 1). Using Definition 13.11 we find that 
w e and 

N -1 

w - q- 1 x 2r+l z 2t+1 G ^ W n . 

n=0 

The set 


^2r+5i^2s+<5i+<52 ~2t+<52 

X 2, + U2t+ 1 

is exactly the basis (14.11) . The result follows. 


r, s, t G N, hi, ^2 G {0,1} 
r, t G N 


□ 


5 A presentation for A 

We saw in Lemma [4.31 that u x , u y , u z generate the K-algebra A. In Lemma [3.91 and Lemma 
13.101 we gave twelve relations (13.301) (13.421) satisfied by u x , u y , u z . In this section, we show 
that the generators u xi u y , v z and relations (I3.30p - fl3.42p give a presentation for the K-algebra 

A. 


Definition 5.1. Let A! denote the unital associative K-algebra with generators v x . u y . v z 
and relations (I3.30p - fl3.42p . 

We will show that the K-algebras A and A 1 are isomorphic. We define elements x 2 ,y 2 , z 2 of 
A' in the following way. 

Definition 5.2. Define elements x 2 ,y 2 ,z 2 of A' by 


x 

y 

z 


2 


2 


2 


1 - 

qUyU z 

-q v z v y 

Q 

- 9” 1 

1 - 

qv z vx 

i 

i 

q 

- q~ l 

1 - 

qv x v y 

- (T X VyVx 


q-q 1 


Note 5.3. Referring to Definition 15. 21 we emphasize that we are viewing x 2 , y 2 , z 2 as symbols 
representing elements of A 1 . We do not attach any meaning to the symbols x, y, z in the 
context of A'. 


In Lemmas 13.41 - 13.71 we gave relations satisfied by the elements u x , u y , v z , x 2 , y 2 , z 2 of U q (sl 2 )- 
We now show that these relations are satisfied by the corresponding elements of A. 

Lemma 5.4. The relations fl3.24p ~ fl3.26p hold in A. 

Proof. Immediate from Definition 15.21 □ 

Lemma 5.5. The relations (I3.7p ~ fl3.9p hold in A. 



































Proof. To show that the equation on the left in (13.7[) holds in A', we show that x 2 p y —q‘ i p y x 2 = 
0. By Definition 15.21 and (13.311) . 

9 4 2 (, qVyVz-q~ l v z v y \ 4 ( qy y v z -q~ r v z v y 

X Vy~ qVyX =1 - - - — -- \Vy-qUy\l- - 


q-q 


-l 


q-q 

3 ,, , .2 


= (1 - g )v y + g 


: q VyV z - (g + g )v y v z v y + q A z v- 


= (i - <? 4 K + q 
= o. 


v ' ^ q — g _1 

2 (g 2 — g _2 )(g — g -1 )^ 


y 


g-g 


-l 


The remaining relations are similarly obtained. 

Lemma 5.6. The relations (l3.18jMI3.23j) hold in A!. 

Proof. We show that (13.181) holds in A. By Definition 15.21 and (I3.40p . 


□ 


x v r 


-i. 


_ I l_ VWz ~ q VzVy 


q-q 


-i 


Vrr. 


= Vrr 


2 -2 , q 2 v y v z - q 2 V z l'y 

Vx - q Vy - q v z + - 


q-q 


-i 


-i. 


= qA y + q 2 v z -q 

, 2 .. i 2 ., -1 


1 qVyVz-q V z 


V,, 


q-q 
2 


-1 


qvyv g 


= q~v y + g v z -q 1 (1- x ) - qu y u z 
= q~ x x 2 - g _1 + g 2 i^ + g _2 y, - qv y v z . 

The remaining relations are similarly obtained. 

Lemma 5.7. The relations (13.lQj) (13.15[) hold in A. 

Proof. We show that (13.101) holds in A. By Definition 15.21 


□ 


z z z I-, qVzVx-q X v x Pz\ 2 qx 2 v z v x -q l x 2 v x v z 
x y — x 1--- | = x 


q — q 1 J q — q 

By Lemma [5751 and Lemma [576], the relations (13.71) and (I3.18jl hold in A. By (j3.7[) and ( 13. 181) . 


7-1 


(5.1) 


qx 2 v,v x = q V.x 2 -q 1 v z + q 1 ^v y + q V 2 - q 1 v z v y v z . 

-1 2 -6 2 - 2 , ,-3 2 2 

q x v x v z = q v z x - q v z + qv y v z + q v z - v y v z . 


(5.2) 

(5.3) 


By (15.21) and (15.31) . it follows that 


qx 2 v z v x — q X x 2 v x v z _ 5 2 , -3 -4 2 qv y v z - q l v z v y v y v 2 z - q 2 v z v y v z 

= q u z x +q v z — q v z ---—-- + —---—— 2 —. (5.4) 


q-q 

By ^333), 


-i 


q-q 


q-q 


-i 


UyP 2 - q 2 v z v y v z _5 qv y v z - q 1 u z u y _ 3 2 _ 2 

= q v z ——-—-- + q {q-q )v z . 


q-q 


-1 


q-q 


(5.5) 
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By Definition 15.21 


-i. 


qVyVz - q v z v y 


q-q 


-l 


= 1 — x 2 . 


(5.6) 


Simplifying (15.4ft using (15.5ft and ( 15.61) . we get 


qx 2 v z v x - q X x 2 v x v z _ 5 2 . , -i . 3 - 5 n , -4 2 . , -5 


q-q 


-1 


= g’ 5 ^ 2 + (g- 1 + g 4 - g" 5 K + g" 4 ^ + (g" 5 ^)(l - x 2 ) 


(5.7) 


= x 2 — (1 — g 2 (g + g + g V 2 ). 

Combining (15.1ft and (15.7ft . we get 

x y = 1 - q (g + g )i/ 3 + g 

The remaining relations are similarly obtained. □ 

Consider the following elements of A 1 '. 


v x , v y , v z , x 2 , y 2 , z 2 . (5.8) 


Definition 5.8. For n > 0, define an *4/-word of length n to be a product gig 2 • • • f) n in A! 
such that Qi is among (15. 8 p for 1 < i < n. We interpret the Tl'-word of length zero to be the 
multiplicative identity in A!. 

We now define two conditions on an *4/-word, called the forbidden and allowed conditions. 
We begin by defining these conditions on an 7b-word of length 2. 

Definition 5.9. For any W-word g| g 2 of length 2, consider the entry in the following table 
with row gi and column g 2 . We say that g±g 2 is forbidden whenever the entry has a X and 
allowed whenever the entry has a /. Observe that an ^4'-word of length 2 is allowed whenever 
it is not forbidden. 




Vy 

v z 

x 2 

y 2 

£ 2 

Vx 

X 

X 

X 

X 

X 

/ 

Vy 

X 

X 

X 

X 

X 

/ 

Vz 

/ 

X 

X 

X 

/ 

/ 

x 2 

/ 

/ 

/ 

/ 

/ 

/ 

y 2 

/ 

X 

X 

X 

/ 

/ 

z 2 

X 

X 

X 

X 

X 

/ 


Definition 5.10. For n > 0, we say that an *4/-word w = g±g 2 ■ ■ ■ g n is forbidden whenever 
there exists 1 < i < n — 1 such that the ^4'-word 5^+1 is forbidden. We say that w is allowed 
whenever w is not forbidden. 
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Referring to Definition 15. 101 the notion of allowed has the following interpretation. Define a 
map from the set of *4/-words to A that sends w i—)• W, where 

9 2 o 2 o 2 

x z = x , y z = y , = 2 : , 

Tr = yz, uf = xz, TT Z = xy, 

and for an ^4'-word w — g\g 2 ■ ■ ■ g n , 


w = gi g 2 ■ ■ ■ g n - 

An *4/-word w is allowed whenever w = x r y s z t for some r,s,t G N. For example, x 2 u y is 
allowed because x 2 u y = x 3 z, but u x u y is forbidden because u x u y = yzxz. 

Lemma 5.11. An A'-word is allowed if and only if it appears in (14.3[) . 

Proof. Immediate from the above comments. □ 

Lemma 5.12. The K-vector space A' is spanned by its allowed words. 

Proof. The K-algebra A' is generated by v X) u y , u z , so every element of A' can be written as 
a linear combination of ^4'-words. It suffices to show that every „4'-word can be expressed 
as a linear combination of allowed ^I'-words. 

We first show that every *4/-word of length 2 can be expressed as a linear combination of 
allowed ^I'-words. By Lemmas I5.4H5.71 the relations (I3.7[i — (13. 15h and (I3.18|) - (j3.26|) hold in 
A!. Each forbidden ^4'-word of length 2 can be expressed as a linear combination of allowed 
*4'-words by using the relations listed in the following table: 



V x 

Uy 

V z 

x 2 

y 2 


Vx 

(13JJJ) 

(1X23J) 

(1X25J) 

(1X21J), (13T8J) 

(1X81) 

/ 

Uy 

(I3726D . (1X231) 

mB 

d3HBD 

m 

(1X221) 

/ 

V z 

/ 

(1X241). (1XI8D 

(IXIUP 

(JXTD 

/ 

/ 

x 2 

/ 

/ 

/ 

/ 

/ 

/ 

y 2 

/ 

(1XT9D 

(1X81) 

(i333i), dUD 

/ 

/ 


(1X91) 

m 

(IX20D. (1X231) 

dS32D, (E35]) 

(1331, (GD3D 

/ 


For example, solving for v 2 in (13.lip gives an expression for u 2 as a linear combination of 
allowed ^I'-words. In cases where there are two relations listed, the expression resulting from 
the first relation contains a forbidden *4'-word of length 2 that can be eliminated using the 
second relation. 

For each entry in the table above, we obtain an equation with a forbidden *4.'-word of length 
2 on one side and an equivalent linear combination of allowed W-words on the other side. 
We call these equations the reduction rules for A'. Specifically, for a forbidden A '-word gxgi, 
the reduction rule for g\g^ is a linear combination involving one allowed *4.'-word of length 2, 
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which we denote gig 2 , and .A'- words of length 0 and 1. The 21 reduction rules can be found 
in Section [9l 

Now let w = <7 i <72 • • • g n be an *4/-word of length n > 2. By a forbidden pair for w, we mean 
an ordered pair of integers (i,j) such that 1 < i < j < n and the word g t g 3 is forbidden. For 
n > 0, let W n denote the set of .A'-words of length n and let W = U^Lo denote the set of 
all AZ-words. We now define a partial order < on W. The definition has two aspects. First, 
for n > m > 0, every word in W m is less than every word in W n with respect to <. Second, 
for n > 0 and for w, w' G W n , w < w' whenever w has fewer forbidden pairs than w'. 

Let w = ,<yi .<72 ■ • • g n denote a forbidden A'-word. Then there exists an integer 1 < % < n — 1 
such that g t gi+\ is forbidden. Using the reduction rule for g$i+ 1, we can replace g t gi+i in w 
with a linear combination of allowed A'-words. Let w' be a word appearing in the resulting 
linear combination. Then w' has length n,n — 1, or n — 2. First assume that w' has length 
n — 1 or n — 2. By definition of the partial order, w' < w. 

Next, assume w' has length n. Then w' — g\- ■ ■ gi_igigi + ig i+ 2 • • • g n . We show that w' has 
fewer forbidden pairs than w. For 12 of the 21 reduction rules, g\g 2 — fi'25'i- In these cases, 
the forbidden pairs of w' are exactly the forbidden pairs of w other than (i,i + 1). Thus w' 
has one fewer forbidden pair than w, so w' < w. 

In the remaining 9 cases, let 1 < j < n with j qL {i,i + 1}. It is routinely verified that if 
neither of ( j,i + 1) (resp. (i + 1 ,j)) is a forbidden pair in w, then neither is a 

forbidden pair in w'. Similarly, it is routinely verified that if exactly one of (j,i), ( j,i + 1) 
(resp. ( i + 1 ,j)) is a forbidden pair in w, then (j, i) (resp. [i + 1, j)) is a forbidden pair 

in w' and (j, i + 1) (resp. (i,j)) is not a forbidden pair in w'. Thus, the number of forbidden 
pairs of the form ( j,i + 1), (i,j), (i + 1 ,j) in w' is less than or equal to the number of 

such forbidden pairs in w. Observe that the forbidden pairs of w' not involving i,i + 1 are 
exactly the forbidden pairs of w not involving i,i + 1. Also, note that (i, i + 1) is a forbidden 
pair in w and not a forbidden pair in w'. Thus w' has strictly fewer forbidden pairs than w, 
so w' < w. 

Therefore, each word in the linear combination obtained by applying the reduction rule is 
strictly less than w with respect to the partial order <. As a result, we can iteratively replace 
forbidden A'-subwords of length 2 using the reduction rules and the process will terminate 
after a finite number of steps. The result of this process is an expression for w as a linear 
combination of allowed *4/-words. □ 

Theorem 5.13. The K-algebra A' from Definition \5.1\ and the ¥L-algebra A from Definition 


Proof. By Lemma 13.91 and Lemma 13.101 the elements u x ,u y ,u z of A satisfy the defining 
relations (I3.30p - fl3.42p for A'. Therefore there exists a IK- algebra homomorphism <j> : A' — > A 
that sends u v H > u rj for g G {x,y,z}. To show that 0 is an isomorphism, we show that 0 
maps a basis for A! to a basis for A. 

Let W denote the set of allowed A 7 -words. By Lemma 15.111 0 sends the elements of W to 
the elements of the basis (14. 3 p for A. Since the elements of (14. 3 p are linearly independent in 
A, the elements of W are linearly independent in A! . Together with Lemma f5. 121 this shows 


4-1 are isomorphic. An isomorphism is given by u v i— > u rj for g G {x,y,z}. 
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that W is a basis for A'. Consequently, (j) sends a basis for A! to a basis for A, so <f is an 
isomorphism. □ 

6 Finite-dimensional irreducible U q (sI 2 )-modules 

Our next main goal is to classify up to isomorphism the finite-dimensional irreducible A- 
modules. We begin by recalling the finite-dimensional irreducible U q (s L) - mo du les. For the 
rest of the paper, we assume that q is not a root of unity. 

Lemma 6.1. [9j Lemma 4.1, 4.2] There exists a family of finite-dimensional irreducible 

U q {sl 2 )-modules 

L(d,e ), £ G {1, —1}, deN, (6.1) 

with the following property: L{d, e) has a basis {tq}f =0 such that for 0 < i < d, 

{ex - q d ~ 2i )ui = {q~ d - q d ~ 2i+2 )ui_ 1, 

{ey - q d ~ 2i )ui = {q d - q d ~ 2i - 2 )u i+1 , 
ezui = q 2l ~ d Ui, 

where w_ 1 = 0, Ud +1 = 0. For char IK = 2, we interpret the set {1, —1} as {1}. Every finite¬ 
dimensional irreducible U q {sl 2 ) -module is isomorphic to exactly one of the modules (16.11) . 

We now consider the action of A on the U q (3(2)-module L{d, e). Since q is not a root of unity, 
we have two generating sets of interest for A: the generating set v a from Lemma [4.31 
and the generating set x 2 ,y 2 ,z 2 from Corollary 14.41 We focus on the actions of these A- 
generators. 

Lemma 6.2. For rf 6 N and £ G {1,-1}, the A-generators v x: v y ,v z act on L{d,e ) in the 
following way. For 0 < i < d, 

(i) v x m = g _1 (l - q 2{i+1) )u i+1 , 

(ii) VyUi = q{ 1 - q 2{ - l ~ d - 1) )u i - 1 , 

(iii) v z Ui is a linear combination of u 3 -\, Ui, u z+ i with the following coefficients: 


term 

coefficient 

^i—1 

qZd— 4i+3^q g2(i—d—l)^ 

Hi 

^q2d-2i+l q-2i-l _ q2d-4i+l _ ^2d-4i-l) 

^2+1 

q2d-4i—3^ _ q2(i+l) ^ 


Proof. Follows from Definition 13.11 and Lemma 16.11 □ 

Lemma 6.3. For d G N and e G {1, —1}, the A-generators x 2 ,y 2 ,z 2 act on L{d,e) in the 
following way. For 0 < i < d, 
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(i) x 2 Ui is a linear combination ofui- 2 , itj-i, Ui with the following coefficients: 


term 

coefficient 

Ui- 2 

(q~ d — q d ~ 2i+2 )(q~ d — q d ~' 2i +‘ i 'j 


qd-^+i^q _|_ q~f(q~ d — d d ~ 2l+2 ) 


to 

a. 

1 

44 

Ui 

q 


(ii) y 2 Ui is a linear combination of u i+ i, u i+2 with the following coefficients: 


term 

coefficient 

Ui 

io 

a. 

1 

44 

q 

U {+1 

qd- 2*“i(g + q~ l ){q d - q d - 2l ~ 2 ) 

Ui+2 

fqd _ qd—2i—2^^qd _ qd—2i—4^ 


(iii) z 2 Ui = q Al 2d Ui. 

Proof. Follows from Lemma [6.1 1 □ 


7 From ?7 g (sl2)-modules to *4-modules 

Let V denote a -module. By restricting from U q (sl 2 ) to A, the t/^sLj-module V 

becomes an ^-module. We say that the U q (sl 2 )-module V extends the .A-module V. Recall 
the L^(5[ 2 )-module L(d, e) from Lemma IffiTl In this section, we discuss the A-module L(d, e). 

Lemma 7.1. For d e N, there exists an A-module isomorphism L(d, 1) —> L(d,— 1) that 
sends Ui (-»• for 0 < i < d. 

Proof. By Lemma [6.21 the actions of u x , u y , v z on L(d,e ) are independent of e. By Lemma 
14.31 v x ,v y ,is z generate A, so the action of A on L(d,e) is independent of e. The result 
follows. □ 

Definition 7.2. For d G N, we identify A-modules L(d, 1), L(d,— 1) via the isomorphism in 
Lemma [7.11 We call the resulting *4-module L(d). 

Observe that L(d) has a basis {u;}f =0 on which v x ,v y ,v z act as in Lemma [6721 and x 2 ,y 2 ,z 2 
act as in Lemma 16.31 

Lemma 7.3. For d G N, the A-module L(d) is irreducible. 

Proof. Let W denote an nonzero A-submodule of L(d). We show that W = L(d). For 
0 < i < d, let Vi denote the eigenspace of the z 2 -action on L(d) with eigenvalue g 4i_2a! . By 
Lemma [6731 V = Yli=o ^ (direct sum) and V) = span{«j} for 0 < i < d. Let W) denote the 
projection of W onto V). Since W 7 ^ 0, there exists k such that 144 7 ^ 0. Then Uk G 144 , so 
Uk G W. Since W is an A-submodule, ufuk G W and v y Uk G W for all n G N. By Lemma 
16.21 it follows that Ui G W for all 0 < i < d. Therefore W = L(d). □ 
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8 Finite-dimensional irreducible ^l-modules 

In this section, we classify up to isomorphism the finite-dimensional irreducible ^4-modules. 

Lemma 8.1. Let V be a finite-dimensional A-module. Then the actions of v x ,v y ,v z on V 
are nilpotent. 

Proof. We show that the i^-action on V is nilpotent. Suppose that the ^-action on V is 
not nilpotent. Then there exists 0 7^ A G IK such that A is an eigenvalue for v y . Since V is 
finite-dimensional, there exist M, N > 0 maximal such that q~ AM A and q AN A are eigenvalues 
for v y . 

Let v G V be a nonzero eigenvector for v y corresponding to eigenvalue q' iN A. By Lemma [3.21 

v y z 2 v = q 4 z 2 v y v = q A{N+l) Xz 2 v. 

By the maximality of N, g 4 ( Ar + 1 )A is not an eigenvalue for v y , so z 2 v = 0. By Lemma [3.41 

0 = x 2 z 2 v = (1 - q 2 (q + q~ l )v y + q 4 ^)v 

= (1 - q AN+2 (q + q - 1 )A + q SN+4 X 2 )v 
= (1 - q 4N+3 A)(l - q AN+1 X)v. 


Therefore A G {q ( 4N+3 \q (4A r +i)|_ 

Now let w G V be a nonzero eigenvector for v y corresponding to eigenvalue q~ AM A. By 
Lemma 13.21 

v y x 2 w = q~ A x 2 v y w = q~ 4< ' M+1 ' > \x 2 w. 

By the maximality of M, g- 4 ( M + 4 )A is not an eigenvalue for v y , so x 2 w = 0. By Lemma 13.41 

0 = z 2 x 2 w = (1 - q~ 2 (q + q* 1 )^ + q~ A v 2 )w 

= (1 - q- AM ~ 2 {q + q- 1 ) A + q~ 8M ~ A X 2 )w 
= (1 - g- 4M - 3 A)(l - q- AM ~ 1 X)w. 

Therefore A G {q AM+3 ,q AM+1 }. However, since — (AN + 3), — (4iV + 1) are negative, 4 M + 
3,4M + 1 are positive, and q is not a root of unity, it cannot be the case that A G 
{q~( 4N+3 \ g _ ( 4iY+1 )} and A G {g 4M+3 , g 4M+1 }. This is a contradiction. Therefore the ac¬ 
tion of v y on V is nilpotent. 

A similar argument shows that the actions of v x and v z on V are nilpotent. □ 

Lemma 8.2. Let V denote a finite-dimensional A-module. Then the kernel of the v y -action 
on V contains a common eigenvector for z 2 and v y v x . 

Proof. Let W denote the kernel of the ^-action on V. By Lemma 18.11 v y acts nilpotently 
on V, so W 7^ 0. It suffices to show that W is fixed by both z 2 and v y v x and that z 2 and 
v y v x commute on W. 

Let w G W. By Lemma 13.41 

0 = z 2 v y w = q~ A v y z 2 w. 
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Therefore v y z 2 w = 0, so z 2 w G W. 

By Lemma [3.91 

q~ 3 UyU x w - {q + q~ l )v y p x PyW + q 3 u x iy 2 w = ( q 2 - g~ 2 )(g - q~ l )h> y w. 

Since v y w = 0, the equation (18.11) simplifies to q~ 3 v 2 v x w = 0. Then u y (u y i/ x w) 
v y v x w G W. Therefore W is fixed by both z 2 and u y u x . 

By Lemma [3.41 


z 2 u y v x = q A UyZ 2 u x = v y v x z 2 . 

Therefore z 2 and u y u x commute in A, so they commute on W. The result follows. 


( 8 . 1 ) 
0, so 


□ 


For the rest of this section, the following notation will be in effect. 

Notation 8.3. Let V denote a finite-dimensional irreducible M-module. By Lemma 18.21 
there exists 0 ^ v 0 G V such that is y v 0 = 0 and v 0 is a common eigenvector for z 2 and u y u x . 
Define v t = z/*i ; 0 for i G N. Define u_i = 0. Since u x is nilpotent, only finitely many are 
nonzero. Let d G N be maximal such that Vd ^ 0. 

We will show that {v t }f =0 is a basis for V. To do this, we consider the actions of certain 
elements of A on {uj}f =0 . 

Lemma 8.4. With reference to Notation \8.3l there exists 0 ^ A G K such that z 2 i\ = q il \vi 
for 0 < i < d. 

Proof. Since vq is an eigenvector for z 2 , there exists A G IK such that z 2 v o = At’o. By Lemma 
13.41 for all 0 < i < d, 

z 2 Vi = z 2 u x v 0 = q Al v l x z 2 V() = q Al \v l x Vo = q Al \vi. 


Suppose that A = 0. Then by Lemma [3751 

0 = x 2 z 2 v o = (1 - q 2 (q + q~ l )v y + q A v 2 ) v 0 = v 0 . 

Since ty ^ 0, this is a contradiction. Therefore A ^ 0. □ 

Lemma 8.5. With reference to Notation E3 zy/ty G span{uj_i} for 0 < i < d. 

Proof. We proceed by induction on i. Since u y v 0 = 0, u y v 0 G span{n_!}. Since n 0 is an 
eigenvector of v y is x , v y v\ = v y v x v 0 G span{n 0 }. 

Now let 2 < m < d and assume that v y Vi G span{uj_!} for 0 < i < m. We show that 
v y v m G span{n m _i}. Multiplying by n™-' 2 on the right on both sides of (13.301) , we have 

"yK l = q 3 (q 2 - + q 3 (q + ( 8 . 2 ) 

Applying both sides of (18. 2 p to v 0 , we have 

v y v m = q 3 (q 2 - q~ 2 )(q ~ q^v^ - q 6 u 2 iy y v m _ 2 + Q 3 (q + q~ l )v x v y Vm-i■ (8.3) 

By the induction hypothesis, is a scalar multiple of u m _ 3 , so u 2 v y v m _2 is a scalar 

multiple of w m _i. Similarly, is y v m _i is a scalar multiple of u m _ 2 , so v x v y v rn _\ is a scalar 
multiple of v m -\. Therefore, the right-hand side of (18. 3 p is a scalar multiple of u m _i, so 
VyVm G span{u m _i}. □ 
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Lemma 8.6. With reference to Notation \8.3[ {vi}f =0 is a basis for V. 


Proof. By Lemma [8.41 the elements of {vj}f =0 are eigenvectors for z 2 corresponding to dis¬ 
tinct eigenvalues, so they are linearly independent. Thus, it remains to show that {vj}f =0 
span V. 

Let V' = span{uj}f =0 . We show that V' = V. By Lemma 14731. u x , u y , v z generate A. Thus, it 
suffices to show that V' is fixed by u xi u y , v z . 

By Notation 18.31 V' is fixed by v x . By Lemma 18.51 V' is hxed by v y . To show that V' is 
fixed by u z , we consider the z 2 -action on V'. By Lemma [8.41 there exists A / 0 such that 
z 2 Vi = q 4l Xvi for 0 < i < d. Then by Lemma [3.61 

v z Vi = q~ 4l X~ 1 u z z 2 Vi = q~ Al A -1 (g“V - q~ 4 + q~ 2 v x + q 2 u y - qu x u y ) v t . (8.4) 

The right-hand side of (18. 4 p is contained in V' since V' is fixed by u x , u y , and z 2 . Therefore 
V' is fixed by v z . The result follows. □ 

We now compute the actions of the elements u x , v y , u z , x 2 , y 2 , z 2 of A on {v;}f =0 . It is conve¬ 
nient for us to start with u x ,u y ,z 2 . 

Theorem 8.7. With reference to Notation \8.3L the elements u x ,v y ,z 2 of A act on the basis 
{ v i}t=o f or V the following way. For 0 < i < d, 

u x Vi = v i+ i, (8.5) 

v y Vi = {q 21 - 1 )(q 2{ - l ~ d ~ 1) - l)ui_i, (8.6) 

z\ = q 4i ~ 2d Vi, (8.7) 


where v_i = Vd+i = 0. 


Proof. Observe that (18.5ft holds by Notation 18.31 By Lemma 18.41 there exists 0 ^ A 6 K such 
that z 2 Vi = q 4l Xvi for 0 < i < d. By Lemma 18.51 there exist a* G K such that u y Vi = a.iVi-\ 
for 0 < i < d. Since n_i = Vd+ 1 = 0, we set a 0 = otd+i = 0. To verify (j8.6[) and (18. 71) . it 
suffices to show that A = q~ 2d and a, = ( q 2l — l)(g 2 h _d_1 ) — 1) for 0 < i < d. 

By Lemma [3.71 


q l Xvi = z Vi = 1 


qv x v, 


y 


q 1 v y v x 


q-q 


-i 


Vi= 1 


qotj - q 


q-q 




Vi. 


This yields the following recurrence: 


a i+ i = q 2 oti + (q 2 - l)(g 4 *A - 1) (0 < i < d). (8.8) 


It is easily verified that the solution to the recurrence (18.81) with initial condition Oo = 0 is 

cti = 1 - q 2i + X(q 4i ~ 2 - q 2i ~ 2 ) (0 < i < d). (8.9) 

Setting i — d + 1 in (18.9p and factoring, we get 

«d+i = (1 - < j 2(ti+1 ))(l - \q 2d ). 
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Since a^+i = 0, this gives A — q 2d . Plugging A = q 2d into (18. 9p . we get 


a* = 1 - q 2i + q- 2d (q^- 2 - q 2i ~ 2 ) 

= (<? 2i - l)(g 2( * _d_1) - 1). 

The result follows. □ 

Lemma 8.8. With reference to Notation \8.tA the elements x 2 ,y 2 ,i , z of A act on the basis 
{vi} d = o in the following way. For 0 < i < d, 

(i) x 2 Vi is a linear combination of Vi- 2 , tg_i, ig with the following coefficients: 


term 

coefficient 

Vi- 2 

q 4 (q 2i - l)(g 2 (i-d-l) _ l)(g2(i-l) _ 1 )( g 2 (i-d- 2 ) _ ^ 

Vi-1 

—q 2 (q + g _1 )(g 2 * — l)(g 2 (* -d_1 ) — 1) 



Vi 

g 


(ii) y 2 Vi is a linear combination of Vi, v l+ \, v . l+ 2 with the following coefficients: 


term 

coefficient 

Vi 

g2d—Ai 

Vi+i 

_q2d-Ai-2^q _|_ q-i^ 

V i+ 2 

q2d—Ai—4: 


(iii) u z Vi is a linear combination of ig-i, ig, v i+ i with the following coefficients: 


term 

coefficient 

Vi- 1 

(g 2l — l)(g _2(j_d_1) — 1) 

Vi 

q2d—2i+l _|_ q—2i—l _ q2d-4i+l _ ^2d-4i-l 



Vi+l 

q2d—4i—2 


Proof. By Theorem 18.71 we have z 2 Vi = q 4t 2d Vi for 0 < i < d. Thus, (j)Vi = q 2d 4l fz 2 Vi for 
each <f> G {x 2 ,y 2 , u z }. Then by Lemma [3.51 and Lemma [3.61 

x 2 Vi = q 2 d ~ 4 i x 2 z 2 Vi = q 2d ~ 4i (l - q 2 (q + q~ l )v y + q 4 if y ) v h 

y 2 Vi = q 2 d ~ 4 i y 2 z 2 Vi = q 2d ~ 4i (l - q~ 2 (q + g" 1 )^ + g~V 2 ) v h 

v z Vi = q 2 d ~ 4 l v z z 2 Vi = q 2d ~ 41 (g _ V - g ' 1 + q~ 2 v x + q 2 u y - qv x v y ) v { . 

The result follows by simplifying these equations using Theorem 18.71 □ 
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Theorem 8.9. The A-module V from Notation \8.tft is isomorphic to the A-module L(d) 
from Definition | 7-4 An isomorphism is given by Vi t-)- 7 jUi, where 70 = 1 and 73 + 1 / 7 * = 
g _1 (l — g 2 (* +1 )) for 0 < i < d — 1. 


Proof. Let <f> : V —> L(d) be the map defined by v t (->■ 7 * 14 *. Since q is not a root of unity, f 
is a vector space isomorphism. To show that f is an .A-module isomorphism, it suffices to 
show that (f)v v = for all rj G {x, y, z}. 

By Lemma 16.21 and Theorem 18.71 


fiv x Vi = fiv i+ i = 7 ,+iMi+i = 7 iQ 4 (1 - q 2{l+l) )u i+ 1, 
v x f>Vi = 7 iV x Ui = 7 i ?~ 1 ( 1 - q 2{ - l+l) )u i+ 1. 


Thus f)v x = v x fi. 

By Lemma 16.21 and Theorem 18.71 

HV, = ( q 21 - l)(g 2 (‘-'- 1 > - = 7,_i(g 2i - - l) Ui _„ 

Vylfai = 'tiVyVi = 7(5(1 - q 2, - d ~ *)«(_! = 7(-l (<J 2 ‘ - l)(9 2< - d - 1 > - 

Thus (pVy = Vyfi. 

By Lemma [6.21 and Lemma [8.81 <pv z v t is a linear combination of n*_i, tq, tq+i with the fol¬ 
lowing coefficients: 


term 

coefficient 

Ui—± 

7i_i(g -2 * - l)(g _2(i_d_1) - 1 ) 

Hi 

^fq2d-2i+l _|_ q-2i-l _ q2d-4i+l _ q2d—4i—l \ 


„2d—4i—2 

^2+1 

ii+iq 


and v z (f>V{ is a linear combination of «*_!, Ui + \ with the following coefficients: 


term 

coefficient 


7i? 2rf-4?+3 (l — g2(i—d— 

ILi 

yy ^q2d—2i+l _|_ q-2i-l _ q2d-4i+l _ ^2d-4i-l\ 

^i+ 1 

7jg 2<i_4 * _3 (l — g 2 (®+ 1 )^ 


Using 7 i+ i/ 7 i = q 4 (1 - g 2( * +1) ), we see that these coefficients are equal. Thus = v z (f>. 
The result follows. □ 


Corollary 8.10. For d G N, up to isomorphism there exists a unique irreducible A-module 
of dimension d + 1 . 

Theorem 8.11. Let V denote an irreducible A-module of dimension d + 1. 

(i) If char K = 2, then V extends to a unique irreducible Ufislf)-module. 
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(ii) If char K/2, then V extends to two non-isomorphic irreducible £/g(s[ 2 ) -modules. 


Proof. By Corollary 18.101 V is isomorphic to the ^4-module L(d) from Definition 17.21 Thus 
the U q (sl 2 )-modules L(d, 1) and L(d, —1) from Lemma I6TT1 extend V. Let W be an irreducible 
C ? (s[ 2 )-module that extends V. Then W has dimension d + 1, so by Lemma 16.11 W is 
isomorphic to L(d, 1) or L(d,— 1). Therefore, up to isomorphism, L(d, 1) and L(d,— 1) are 
the unique irreducible U q (5(2)-modules that extend V. Observe that L(d, 1) and L(d, —1) 
are isomorphic as U q (s 1 2 ) - mo dules if and only if char K = 2, so the result follows. □ 
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9 Appendix 

In this appendix, we give the explicit reduction rules used in the proof of Lemma 15.121 For 
each forbidden *4/-word w of length 2, the reduction rule for w is an equation that expresses 
w as a linear combination of allowed *4/-words of length 0, 1, 2. For each forbidden A'- 
word gig 2 , the linear combination given by the reduction rule contains exactly one allowed 
^.-prime-word of length 2, which we denote by Ai 92 - 


Forbidden word g\g 2 

Reduction rule for g\g 2 

9id2 

* 

v 2 = q A y 2 z 2 + q 2 (q + q~ A )u x - q 4 

y 2 z 2 

V x Vy 

u x u y = -q~ l u z z 2 + q~ 2 z 2 + q~ 3 u x + qu y - q~ 2 

u z z 2 

V x Vz 

v x Vz = q 2 v z Vx + ( q 2 - 1 )y 2 - ( q 2 ~ 1) 

v z v x 

U x X 2 

v x x 2 = x 2 u x - (q 2 - q~ 2 )u y + (q 2 - q~ 2 )u z 

X 2 U x 

„ 2 

„ 2 2,. 

„ 2.. 

VxV 

v x y = TV 

rb 

VyU X 

Wx = -qv z z 2 + q 2 z 2 + q~ l v x + q\ - q 2 

u z z 2 

d 

Ay = q~ A x 2 z 2 + g _2 (g + q~ X )u y - g -4 

x 2 z 2 

VyV Z 

u y u z = —q~ 1 x 2 u x + q~ 2 x 2 + qu y + q~ 3 u z — q~ 2 

X 2 U x 

2 

2 4 2,. 

„„2.. 

UyX 

UyX = q X Uy 

X Uy 

VyV 2 

y y y 2 = -qv z v x + <rV + q~ 2 v z + q 2 v x - q~ l 

v z v x 

V z Vy 

u z u y = —qx 2 u x + q 2 x 2 + q 3 u y + q~ l u z — q 2 

X 2 u x 


u 2 = q A x 2 y 2 + q 2 (q + q~ x )v z — q A 

x 2 y 2 

2 


„„2.. 

V Z X 

z/ 2 or = q x u z 

X U z 

y\ 

y 2 u y = —qu z u x + q ~ l y 2 + g 2 z/ 2 + g~ 2 /y x - g” 1 

v z v x 

„ 2,. 


„ 2 

yv z 

y z/ 2 = gV z y 2 

b*y 

y 2 x 2 

y 2 x 2 = q 8 x 2 y 2 + (g 6 — g 2 )(g + q~ l )u z + (1 — g 8 ) 

x 2 y 2 

9,. 

9,. 4,, 9 


ZV X 

z z/ x = q u x z 

u x z* 

9,, 

9 ,. —4,. ^2 

9 

zv v 

zz/ y = g z^z 


Z 2 v z 

^ = z^ 2 + (g 2 - g->* - (g 2 - g" 2 H 

u z z 2 

z 2 x 2 

z 2 x 2 = q~ 8 x 2 z 2 + (g~ 6 — g _2 )(g + q~ l )v y + (1 — g~ 8 ) 

x 2 z 2 

z 2 y 2 

z 2 y 2 = q s y 2 z 2 + (g 6 — g 2 )(g + g _1 )z/ x + (1 — g 8 ) 

y 2 z 2 
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